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ABSTRACT 

A class of l i n e a r  systems, composed of i n t r i n s i c a l l y  s t a b l e  

elements, was s tudied .  These l i n e a r  systems were represented by t h e  

c o e f f i c i e n t  mat r ices  of  t h e i r  d i f f e r e n t i a l  equations.  

o f  t hese  mat r ices  w a s  def ined by spec i fy ing  t h e  na ture  of t h e  d i s t r i b u -  

t i o n s  fromwhich the  matr ix  e n t r i e s  were se l ec t ed .  

A sample space 

Matrices of  given s i z e  were generated by random sampling from t h e  

Appropriate weighting o f  t h e  d i s t r i b u t i o n s  gave def ined sample space.  

con t ro l  of t h e  degenerateness,  a measure of t h e  number of  zero e n t r i e s .  

The Hurwitz c r i t e r i o n  was used t o  t es t  whether each matr ix  represented 

a s t a b l e  system. 

s t a b i l i t y  as a func t ion  of  degenerateness.  

The primary goa l  was t o  f i n d  t h e  p robab i l i t y  of  

I t  was found, even for t h e  r e l a t i v e l y  small mat r ices  wi th in  t h e  

range of t h i s  s tudy ,  t h a t  t h e  degenerateness i s  c r i t i c a l .  

of degenerateness l e s s  than a p a r t i c u l a r  amount (about 8 5 % ) ,  t h e  system 

is  almost c e r t a i n l y  uns tab le ,  whereas f o r  values  of  degenerateness 

g r e a t e r  than t h i s  amount, t h e  system is almost c e r t a i n l y  s t a b l e .  

For values  



iil 

ACKNOWLEDGMENT 

I wish t o  thank Professor  W .  Ross Ashby for h i s  p a t i e n t  guidance 

i n  t h i s  effor t .  H i s  ideas  and i n s i g h t  have been invaluable .  

I a m  a l s o  g r a t e f u l  t o  Professor  Heinz Von Foers te r  of t h e  

Bio logica l  Computer Laboratory, who took an i n t e r e s t  i n  t h e  p ro jec t  

and arranged support  for it. 

Many thanks t o  t h e  secretarial staffs of t h e  Bio logica l  Computer 

Laboratory, and t h e  Electr ical  Engineering Publ ica t ions  Office, for 

t h e i r  s k i l l f u l  p repara t ion  of t h e  manuscript. 



i v  

TABLE OF CONTENTS 

Page 

ABSTRACT ............................................................ ii 

ACKNOLWEDGMENT ...................................................... i i ~  

TABLE OF CONTENTS ................................................... i v  

LIST OF FIGURES ..................................................... v 

I . The Linear System ............................................. 1 

I1 . Feedback ...................................................... 6 

I11 . S t a b i l i t y  of t h e  System ....................................... 8 

I V  . The Resul t s  of Random Sampling ................................ 11 

V . Poss ib le  Extension of Resul t s  ................................. 1 6  

V I  . Another approach .............................................. 18 

V I 1  . Direct ion for Future Work ..................................... 31 

32 

43 

Appendix C - Synopsis of Outdata .................................... 45 

BIBLIOGRAPHY ........................................................ 52 

Appendix A - Programming for t h e  Random Sampling Approach ........... 
Appendix B - Forming Sums and Products of D i s t r ibu t ions  ............. 

DOCUMENT CONTRO . DATA - RED ......................................... 53 



V 

LIST OF FIGURES 

Figure Page 

1 The d i s t r i b u t i o n  of matr ix  e n t r i e s  ............................ 3 

2 Probab i l i t y  of  s t a b i l i t y  versus  degenerateness for 
random l i n e a r  systems, orders two through ten. . . . . . . . . . . . . . . .  1 3  

3 Degenerateness for 75% probab i l i t y  of s t a b i l i t y  versus  
system o rde r . . . .  ............................................. 1 6  

4 Entry d i s t r i b u t i o n s ,  approximated by continuous l i n e  
segments ........................................................ 18  

5 Di s t r ibu t ion  of a s u m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 9  

6 Di s t r ibu t ions  m and m for a second order  system ............ 20 1 2 

7 

8 

9 

1 0  

11 

12 

13  

14  

1 5  

1 6  

2 

2 

T2 for a second order  system ................................. 21  

T2 for a second order  system, weighted for 25% zero 
e n t r i e s . . .  ................................................... 21 

P robab i l i t y  of s t a b i l i t y  versus  percent zeros  for a 
second order  system ............................................ 22 

m m and m3 for various weights for z e r o . . . . . . . . . . . . . . . . . .  23 

T for various weights for z e r o . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  24 

Percent r e j e c t e d  a t  t e s t  TZ versus the  weight for 
zeros....................................~,................... 25 

T 2 ,  and T 2  .................................................... 26 

T for various weights for zero e n t r i e s  ...................... 27 

Percent r e j e c t e d  a t  s t e p  T3 versus  t h e  weight for z e r o s . , . . . .  28 

Percent s t a b l e  versus  weight for z e r o s . . . . . . . . . . . . . . . . . . . . . . .  28 

1, 23 
3 
2 

3 3E 

3 
3 

3 



1 

I. THE LINEAR SYSTEM 

A l i n e a r  system of n va r i ab le s  is commonly descr ibed by a set  of n 

first order  d i f f e r e n t i a l  equations: 

......... lnXn x1 = allxl + a12x2 + + a 

i r2 = a21x1 + a22x2 + ......... -e a x 2n n 

ir = anlxl + a n 2 ~ 2  + ......... + a x n nn n 

For purposes of manipulation, t hese  equat ions,  and hence t h e  o r i g i n a l  

system, are o f t e n  represented by t h e  c o e f f i c i e n t  matr ix  

This matrix completely cha rac t e r i zes  t h e  system, and so  t h i s  paper 

w i l l  make l i t t l e  e f f o r t  t o  d i f f e r e n t i a t e  between t h e  two words, system 

and matrix. This w i l l  help avoid cumbersome r e p e t i t i o n  of phrases 

l i k e  ' t h e  system which t h e  matr ix  r ep resen t s  ...' No confusion i s  

expected from t h i s  usage. 

I n  any one of t h e  n equations 

..... + ..... + a .  x -e a x + a ir = ailxl iixi i n  n i2 2 i 
t h e  c o e f f j c i e n t  ail i n d i c a t e s  t h e  i n t r i n s i c  na tu re  of t h e  system element 

x . .  If a l l  t h e  o the r  c o e f f i c i e n t s  are s e t  equal t o  zero ,  then  t h e  
1 
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equation reduces t o  

= a . .x  
1 11 i 

The s o l u t i o n  of  t h i s  simple equation i s  

a .  .t 
11 x. = e + c c is  a constant  

1 

SO t h a t  i f  aii is negat ive,  x .  w i l l  converge t o  c y  and w e  w i l l  say t h a t  

x. is i n t r i n s i c a l l y  s t a b l e .  

occur i n  each o f  t h e  o r i g i n a l  equations as w e l l  as appearing i n  solution,; ,  

1 

Constants l i k e  e ,  which c ~ u l d  i n  fact 
1 

w i l l  he re  a l l  be assumed t o  be zero.  We could d e a l  with them, but  it 

has been established‘’’ t h a t  such cons tan ts  do not  affect t h e  s t a b i l i t y  of 

t h e  elements or of  t h e  system as a whole. 

To represent  a system composed o f  only i n t r i n s i c a l l y  s t a b l e  elements, 

then ,  it is  necessary and s u f f i c i e n t  t h a t  t h e  c o e f f i c i e n t s  a 11’ a 22, 

...., a a l l  be negat ive.  These are, of course,  t h e  p r i n c i p l e  

diagonal e n t r i e s  i n  t h e  matr ix .  

nn 

The off-diagonal e n t r i e s  represent  i n t e r a c t i o n s ,  o r  connections,  

so t o  speak, between t h e  system elements. These can be p o s i t i v e ,  

negat ive,  or zero.  If an e n t r y  a . .  is zero,  then t h e r e  is no d i r e c t  
1 3  

e f f e c t  on x ,  by x j ,  and w e  w i l l  say t h a t  t h e  system i s  p a r t i a l l y  

degenerate.  

1 

Delimiting a Class o f  Systems 

To be p r a c t i c a l ,  it is necessary t o  s e l e c t  some f ie i te  class of 

l i nea r  systems t o  inves t iga t e .  In  t h i s  s tudy,  t h e  s e l e c t i o n  is done 

by spec i fy ing  t h e  d i s t r i b u t i o n s  from which t h e  matr ix  e n t r i e s  a r e  

derived. 

We choose t h e  diagonal  e n t r i e s ,  aii, t o  be negat ive,  i n  t h e  range 

The s e l e c t i o n  is  made equiprobably -1.0 t o  -0 .1  i n  increments of 0.1.  
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from t h i s  range. Thfs d i s t r i b u t i o n  is shown i n  Figure l a .  

The off-diagonal  elements are se l ec t ed  from t h e  range -1.0 t o  i1 .0 ,  

i n  increments o f  0.1. 

range, except t h a t ,  i n  order t o  achieve var ious degrees of degenerateness 

in t h e  mat r ices ,  t h e  weight f o r  t h e  en t ry  zero is var ied .  

d i s t r i b u t i o n  is shown Tn Figure l b ,  

The s e l e c t i o n  is made equiprobably from t h i s  

This 

-1.0 0 

a .  diagonal  b .  off-diagonal 

Figure 1. The d i s t r i b u t i o n  of mat r ix  e n t r i e s .  

Since t h e  diagonal  e n t r i e s  cannot be zero,  w e  def ine  degenerateness 

as t h e  percent  o f  off-diagonal  e n t r i e s  which are zero.  

off-diagonal  e n t r i e s  i n  a matr ix  o f  s i z e  n x n is  n -n, o r  n(n-1). 

m of  t hese  are zero ,  then  t h e  degenerateness D is def ined as 

The number of 

2 If 

. 100% m 
n(n-1) D =  

\ 

The t e r m  degenerateness is used i n  t h i s  paper i n  preference t o  t h e  

t e r m  degeneracy, t h e  l a t t e r  being commonly used t o  descr ibe  t h e  r e l a t i o n  

between the  rank and t h e  s i z e  of  a matr ix .  That is q u i t e  another  

sub jec t ,  and so t h e  word Is not  used here .  

The researcher  recognizes t h a t  t h e  c l a s s  of  l i n e a r  systems chosen 

for t h i s  s tudy might seem very r e s t r i c t e d .  However, he feels t h a t  t h e  

r e s u l t s  are widely appl icable .  By normalization techniques,  any l idear 



system of i n t r i n s i c a l l y  s t a b l e  elements can be approximated by a system 

i n  t h e  chosen class. Fon example, consider  t h e  system 

A = - 2 4 ~ ~  t 7x2 - 3x3 1 .  

2 = 7x1 - 1 8 ~ ~  -lox3 2 -  

1 2 = - 3 x  3 +lox2 3' -12x 

The system matr ix  i s  

which is equal  t o  

. 333  -.125 

24 [ .i3: - .75 . 4 1 ~  

- .125 ,417 -. 5 

The r o o t s  of  t h e  c h a r a c t e r i s t i c  equation are t h e  same, except f o r  t h e  

sca l ing  f a c t o r ,  f o r  both matrices. Hence, f o r  purposes of s t a b i l i t y ,  

t e s t i n g  t h e  second matrix is as good as t e s t i n g  t h e  first. It is only 

necessary now t o  round e n t r i e s  t o  t h e  nea res t  t e n t h  t o  obta in  a system 

from t h e  chosen class: 

- 
p . 0  . 3  -.1 

-.8 .4 

.4 - . 5  - 
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This approximation technique w i l l  then allow t h e  extension of t h e  

r e s u l t s  of t h i s  paper t o  l i n e a r  systems i n  gene ra l ,  i n  s p i t e  of t h e  

fact t h a t  only a l i m i t e d  class of systems was s tud ied .  
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11. FEEDBACK 

One usua l ly  th inks  o f  feedback as t h e  e f f e c t  of a va r i ab le  upon 

i t se l f .  

x . .  

s t a b l e ,  as has a l ready  been noted,  Further  feedback, poss ib ly  c r e a t i n g  

The en t ry  aii cha rac t e r i zes  t h e  i n t r i n s i c  feedback of element 

If aii is negat ive,  t h i s  feedback r e s u l t s  i n  xi being i n t r i n s i c a l l y  
1 

i n s t a b i l i t y ,  is poss ib l e  by i n t e r a c t i o n s  with o t h e r  elements, i . e . ,  

by ex te rna l  feedback. The s implest  case i s  a two-step loop,  f o r  example: 

11 . . . . .  
a22 - 
1 

a i 2  - 
. . . . .  

. . . . .  
2 i  a t i  0 .  

a .  
11 

. :. . a  nn - 
It  is  meaningless t o  d iscuss  t h e  d i r e c t i o n  of feedback, o r  even 

which element ( f o r  example, a or a . * ,  above) is rece iv ing  t h e  feedback, 

except by convention, 

have no bear ing on t h e  matr ix  or mathematics, and so w i l l  not  be 

discussed here .  

22 11 

These conventions depend on t h e  physical  system, 

In  a system of i n t r i n s i c a l l y  s t a b l e  elements, only ex te rna l  

feedback can cause system i n s t a b i l i t y .  I n  t h e  matrix, ex te rna l  

feedback can occur only i f  t h e r e  are non-zero e n t r i e s  on both s i d e s  o f  

t h e  p r i n c i p a l  diagonal ,  and f u r t h e r ,  they  must form some s o r t  of a loop.  

Consider t h e  following examples. 

Here is a t h i r d  order  system with non-zero e n t r i e s  only abore t h e  

diagonal : 
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13  a 12 a 11 

23 a 22 a 

33 0 a 

a a < O  11' 22, 33 a 

The va r i ab le  x3 is a f f e c t e d  only by i t s e l f ,  and hence converges t o  zero.  

23 A s  x becomes smaller, i t s  effects on x and x through a13 and a 

become smaller, approaching zero.  Then x converges t o  zero,  being 

a f f ec t ed  oqfy by i ts  i n t r i n s i c  feedback. And so on, so t h a t  t h e  e n t i r e  

system must be s t a b l e  r ega rd le s s  of t h e  off-diagonal  e n t r i e s .  

3 1 2 

2 

Here are two t h i r d  order  systems with diagonal  e n t r i e s  on both s i d e s  

of t h e  diagonal.  The arrows i n d i c a t e  t h e  "route" of  i n t e r a c t i o n s ,  and 

hence must a l t e r n a t e  i n  row 

- 

0 a 
_I_ 33 

and column. 

0 12 a 11 a 

0 22 0 a 

a33 0 31 a 

In  t h e  f i rs t  system, a feedback loop is formed, as shown by t h e  arrows. 

This system, then ,  could be uns tab le .  

loop is p resen t ,  and t h e  system must be stable.  

I n  t h e  second system, no feedback 

A p l aus ib l e  suggestion is  t h a t  t h e  g r e a t e r  t h e  number of ldops,  t h e  

g r e a t e r  is  t h e  chance t h a t  t h e  system w i l l  be uns t ab le ,  

increasing t h e  number of zero e n t r i e s  i n  t h e  mat r ix ,  thereby decreasing 

t h e  l i ke l ihood  of a loop,  would be expected t o  make t h e  system more 

l i k e l y  t o  be s t a b l e .  We would expect t h i s  r e l a t i o n  t o  be monotonic, up 

t o  t h e  poin t  where a l l  t h e  off-diagonal  elements are zero ,  a t  which 

poin t  t h e  system is c e r t a i n l y  s t a b l e .  

Therefore,  
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IIX. STABILITY OF THE SYSTEM 

There have been worked ou t  s eve ra l  agreeable  devices  t o  determine 

whether a l i n e a r  system is s t a b l e .  

c r i t e r i o n  t h a t  f o r  a l l  t ime,  every system element w i l l  converge t o  some 

value,  or w i l l  a t  least  be bounded. 

t h a t  none of  t h e  l a t e n t  roo t s  of  t h e  system have p o s i t i v e  r e a l  p a r t s .  

These a r e  based pr imar i ly  on t h e  

This i s  equivalent  t o  r equ i r ing  

The l a t e n t  r o o t s  of t h e  system are t h e  roQts of  t h e  c h a r a c t e r i s t i c  

equation of t h e  matrix. 

evaluat ing t h e  determinant \ A  - AI] , where A i s  t h e  system matr ix ,  and 

I is an i d e n t i t y  matr ix  of t h e  same s i z e .  

zero.  

The c h a r a c t e r i s t i c  equation is found by 

The r e s u l t  is set ,equal t o  

The r e s u l t i n g  equat ion,  t h e  c h a r a c t e r i s t i c  equat ion,  is of  t h e  form 

n-P n-2 n - i  t .  . . + m  = O .  n A t mlA t m2X + . . . + m , X  
1 n 

The c o e f f i c i e n t s  ml, m 2 .  . . ., m 

\ A  - A I 1  , or by an a l t e r n a t i v e  procedure. 

seems t o  be mechanically s impler ,  and is used i n  t h i s  work: 

are obtained from t h e  eva lua t ion  of 

This a l t e r n a t i v e  procedure 

n 

any 

p a r t i c u l a r  c o e f f i c i e n t  m 

determinants of  A ,  mu l t ip l i ed  by (-1) . 
is  t h e  sum of a l l  i-rowed p r i n c i p a l  sub- i 

i An example from Ashby‘’’ w i l l  

i l l u s t r a t e  t h i s  procedure. 

Consider t h e  t h i r d  order  system 

4 

For t h i s  system, 
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rn = 3 

m = [(-SI f (-6) f (-411 (-1)’ = 15 1 

-5  4 -6 

-2 4 -4 
7 -6 8 ( - l I 3  = 8 

and t h e  c h a r a c t e r i s t i c  equation is 

3 2 X + 1 5 X  + 2 X + 8 = 0 .  

There are seve ra l  ways t o  f i n d  whether any of t h e  r o o t s  of  t he  

c h a r a c t e r i s t i c  equat ion have p o s i t i v e  r e a l  p a r t s .  One way, of course,  

is t o  so lve  t h e  equat ion.  This ,  however, is d i f f i c u l t ,  e s p e c i a l l y  s ince  

no a n a l y t i c a l  s o l u t i o n  e x i s t s  for n g r e a t e r  than f o u r .  

techniques descr ibed i n  t h e  l i t e r a t u r e  is Hurwitz’ c r i t e r i o n .  

Among alternate 

c1,31 

This method r e q u i r e s ,  f o r  t h e  system i n  quest ion t o  be s t a b l e ,  t h a t  i n  

t h e  sequence o f  determinants ,  

. . . . )  
i f q > n  

then  m = 0 
9 

a l l  are pos i t i ve .  

was s e l e c t e d  f o r  t h i s  s tudy.  

This is t h e  method of determining s t a b i l i t y  which 

Applying t h i s  c r i t e r i o n  t o  t h e  above example g ives  
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15 1 0 

8 2 15 

0 0  8 

- - 

1 
m 1  

m m  

1 

3 2  

m 1 0  1 

m m m  3 2 1  

0 0 m3 

= 176 . 

15  1 

8 2  
- - = 22 

All three determinants are positive, and hence the system must be stable. 
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I V .  THE RESULTS OF RANDOM SAMPLING 

I n  order  t o  determine t h e  effect o f  degenerateness on t h e  p robab i l i t y  

of s t a b i l i t y  for systems of even moderately high o rde r ,  it is neaessary 

t o  abandon any hopes f o r  a complete so lu t ion ,  and t u r n  t o  random sampling 

as t h e  only poss ib l e  avenue o f  explorat ion.  

near ly  impossible is  made evident  by t h e  observat ion t h a t  t h e r e  are over 

That complete so lu t ion  is 

tenth-order  systems choosable from even t h e  l imi t ed  d i s t r i b u t i o n s  

of t h i s  s tudy,  and it t akes  t h e  IBM 7094 computer about 1.25 minutes t o  

check each one--the t a s k  would t a k e  2.6 x 1 0  yea r s .  94 c21 

The number of manipulations,  and hence t h e  t i m e  for so lu t ion ,  

increase  roughly with n!, thereby g r e a t l y  l i m i t i n g  t h e  number of  matrices 

of higher  order  t h a t  can be checked. 

Although a few of  1O1O0 would not  appear t o  g ive  a very good sample, 

r e s u l t s  j u s t i f y  t h e  approach. 

We t u r n ,  then t o  random sampling. 

Programming f o r  t h i s  approach was d i f f i c u l t  only i n  t h a t  t h e  program 

needed near ly  complete gene ra l i t y .  

however, 

The method is s t ra ight forward ,  

Details of t h e  program can be found i n  t h e  appendix. 

Data were taken over a wide range of  degenerateness f o r  t h e  lower 

order  cases, Since t ime threatened t o  become excessive,  da t a  were 

taken over only a l imi t ed  range o f  degenerateness for t h e  higher  order  

cases. 

check only systems wi th in  a spec i f i ed  range of  degenerateness.  

I n  fact ,  f o r  t h e  1 0  x 10 system t h e  program was modified t o  

The remarkable r e s u l t  is t h e  way degenerateness inf luences  t h e  

p robab i l i t y  of s t a b i l i t y .  For t h e  smaller  systems, t o  about n=6)  t h e  

p robab i l i t y  of s t a b i l i t y  is r a t h e r  smoothly monotonic increasing with 

degenerateness.  But f o r  t h e  systems o f  orders  n=7 t o  n=10, degenerateness 
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becomes cr i t ical ,  so t h a t  t h e  t r a n s i t i o n  from low p robab i l i t y  t o  high 

p robab i l i t y  occurs wi th in  a narrow range of degenerateness.  

These f a c t s  are made evident  i n  F igures .2a  through 2h, where t h e  

computer r e s u l t s  have been p l o t t e d ,  and a l i n e  sketched t o  i n d i c a t e  

t h e  t r end  of each graph. 

of t h e  graph l i n e s  through t h e  d a t a ,  t h e  t r end  t o  s t e p  func t ion  form is 

indisputab le .  Figure 2 i  c o l l e c t s , t h e  suggested graphs so  t h a t  t h e  

t r end  becomes evfdent .  T h h  t rend  is pronounced and r egu la r ,  so  t h a t  

as order  i nc reases ,  so does t h e  graph .more c lose ly  approximate a s t e p  

funcfion.  

Although one might quest ion t h e  exact  pos i t i on  

For n-10, t h i s  s t e p  func t ion  form i s  pronounced, so t h a t  f o r  values 

of  degenerateness less than  about 85%, t h e  p robab i l i t y  i s  v i r t u a l l y  

zero,  whereas for  g r e a t e r  va lues ,  t h e  p robab i l i t y  is very high,  near ly  

100%. 
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Degenerateness f o r  random l i n e a r  systems, 

orders two through ten .  
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V. POSSIBLE EXTENSION OF RESULTS 

Another presenta t ion  of the  da t a  w i l l  show t h e  r e g u l a r i t y  o f s t h e  

t r e n d ,  and perhaps g ive  a c l u e  for extension t o  higher  order  cases. 

Consider t h e  value of degenerateness a t  which a system achieves a 

p robab i l i t y  of s t a b i l i t y  of 75%. The r e l a t i o n  between t h i s  value and 

order  is 

n 

1 

2 

3 

4 

5 

6 

7 

8 

10  

revea l ing .  Table 1 and Figure 3 present  t h e  r e l a t i o n .  

D %  D% 

0 

1 2  

37 

58 

65 

74 

77 

80 

83 

Table 1. 

100 

80 

60 

40 

20 

1 
-4 

,O/--O- 

1 2  3 - 4  5 6 7 8 9 1 0 n  
I / 

I f I I I I I I I I 
1 2  3 - 4  5 6 7 8 9 1 0 n  

Figure 3.  Degenerateness for 75% 

p robab i l i t y  of s t a b i l i t y  

versus  system order. 

The s e l e c t i o n  of 75% is a r b i t r a r y ,  and any o t h e r  value would have 

served as w e l l .  

s t e p  func t ion  form. 

What is important is t h e  r e g u l a r i t y ,  and t h e  t r end  t o  

For  purposes of p red ic t ion ,  Figure 3 could very 

w e l l  be approximated by an exponent ia l  curve.  Roughly, 

1 -.254(n-1) = 100 (1-e D7 5% n = 1, 2 ,  3 ,  ... 



However, though w e  might expect t h i s  k i  

i nco r rec t  r e s u l t .  The fol low1 

n 1 0  11 1 2  13 20 

# non-zeros 1 2  11 1 0  10  5 

Table 2 

This does not  agree  with i n t u i t i v e  ideas  about loops and feedback 

wi th in  t h e  mat r ix .  

a c t u a l l y  become near ly  l e v e l  f o r  l a r g e r  systems, a t  some cons tan t  value.  

If t h e  asymptotic value were 90%, then  Table 2 would look a l i t t l e  

d i f f e r e n t ,  as i n  t h e  following Table. 

I t  would be  mort p l aus ib l e  t h a t  t h e  curve of Figure 3 

n 10 11 12 13 20 

# non-zeros 1 2  1 2  13 16 38 

Table 3 

This is much more agreeable  with t h e  idea  t h a t ,  wi th  larger matrices, 

t h e r e  are more ways t o  s l i p  i n  e n t r i e s  without forming loops.  
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V I .  ANOTHER APPROACH 

Although t h e  main body of the  work must be done by random sampling, 

some i n s i g h t  can be  gained by some f u r t h e r  i nves t iga t ion .  

t h e  c h a p a c t e r i s t i c s  o f  t h e  Hurwitz c r i t e r i o n ,  and complete s o l u t i o n  f o r  

A s t u d y , o f  

systems of order  two and t h r e e ,  w i l l  provide an understanding t h a t  t h e  

author  feels e s s e n t i a l  t o  f u r t h e r  progress  i n  t h e  r i g h t  d i r e c t i o n .  

S t a r t i n g  with t h e  d i s t r i b u t i o n s  of  t h e  matr ix  e n t r i e s ,  it is  

poss ib le  t o  a r r i v e  a t  d i s t r i b u t i o n s  of t h e i r  sums and products.  This 

allows an overview of a11 t h a t  is  s i g n i f i c a n t ,  and does not depend on 

random sampling. 

The d i s t r i b u t i o n s  of  t h e  matr ix  e n t r i e s  were given i n  Figure 1, 

and are repeated he re ,  approximated by s t r a i g h t  l i n e  segments. This 

p r a c t i c e  w i l l  be continued, though it must be remembered t h a t  a l l  t h e  

d i s t r i b u t i o n s  are d i s c r e t e .  

2 b.  off-diagonal ,  a 1 a .  diagonal ,  a 

Figure 4. Entry Di s t r ibu t ions ,  approximated by continuous 

l i n e  segments. 

Now l e t  t h e  symbol al represent  any diagonal  en t ry ,  s i n c e  they  are 

indis t inguishable ,  being represented by a s i n g l e  d i s t r i b u t i o n .  S imi la r ly ,  

l e t  a represent  any off-diagonal en t ry .  Conventional a r i t hme t i c  no ta t ion  2 
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w i l l  be r e t a ined ,  bu t  with a s l i g h t l y  d i f f e r e n t  i n t e r p r e t a t i o n .  

example, 

Fqr 

1 k = a; + a  

w i l l  mean 'k is t h e  d i s t r i b u t i o n  o f  t h e  sum of two numbers, t h e  first 

chosen from d i s t r i b u t i o n  a 

Figure 5 gives  a and k = a + a 

sums and products of  d i s t r i b u t i o n s  is given i n  t h e  appendix: 

and t h e  second chosen from d i s t r i b u t i o n  a 1 1' 
' 

A more lengthy d iscuss ion  of  forming 1 1 1' 

-2.0 0 

Figure 5. D i s t r ibu t ion  of  a Sum. 

To see t h e  app l i ca t ion  of t h i s  sor t  of idea ,  l e t  us inves t iga t e  a 

simple second order  system: 

Since t h e  e n t r i e s  are d i s t r i b u t i o n s ,  r a t h e r  than  s p e c i f i c  numbers, t h e  

no ta t ion  r ep resen t s  a l l  poss ib l e  systems which can be chosen from t h e  

spec i f i ed  d i s t r i b u t i o n s .  

of two tests i n  t h i s  case ,  w e  get 

Applying t h e  Hurwitz c r i t e r i o n ,  a sequence 

m 1 = --(al + al l ,  and m - - al.al - a2.a2 
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These d i s t r i b u t i o n s  are shown i n  Figure 6 .  

M1 

Figure 6 .  D i s t r ibu t ions  m and m f o r  a 1 2 
second order  system. 

M2 

O f  course,  a2 has a va r i ab le  weight f o r  zero,  and hence any 

d i s t r i b u t i o n  dependent on a2 w i l l  depend then on t h e  weight of zero i n  

a 

including zero.  

The d i s t r i b u t i o n  shown i n  Figure 6 is f o r  a weighted uniformly, 2 '  2 

It is convenient here  t o  introduce a b i t  of no ta t ion .  The Hurwitz 

c r i t e r i o n  conta ins  n tests f o r  an n x n system. These w i l l  be  labe led  

n n  
T1, T2 ,  . . . . . Y T:* 

For t h e  second order  system i n  t h e  present  work, 

2 
1 '  T1 = m 

2 
1 The c r i t e r i o n  states t h a t  i f  T 

t h i s , t e s t .  

is p o s i t i v e  then t h e  system has passed 

From Figure 6 ,  w e  see t h a t  t h e  e n t i r e  d i s t r i b u t i o n  m is  1 

p o s i t i v e ,  and hence every second opder system chosen f rom. the  given 

d i s t r i b u t i o n s  must pass  t h e  first test of  t h e  Hurwitz c r i t e r i o n .  This ,  

of  course,  could have been noted by inspec t ion ,  bu t  t he  author  be l ieves  

t h e r e  is value i n  pursuing t h i s  approach, f o r  t h e  understanding of  t h e  

method it w i l l  provide.  



2 1  

1 m 

0 m 

1 T: = 
2 

The second t es t  of t h e  c r i t e r i o n  is  

- 
- ml 'm2  

This d i s t r i b u t i o n  is given in Figure 7 .  

2 
2 Figure 7 .  T for a second order  system. 

Again t h e  c r i t e r i o n  states t h a t  T: be p o s i t i v e  for t h e  system t o  

pass t h i s  test .  

represent ing  those  second order  systems t h a t  are r e j e c t e d  a t  t h i s  t es t .  

I n  t h i s  case ,  a por t ion  of t h e  d i s t r i b u t i o n  is negat ive,  

The r a t i o  of t h e  p o s i t i v e  area t o  t h e  t o t a l  area is  t h e  p robab i l i t y  

t h a t  a second order  system w i l l  be s t a b l e .  I n  t h i s  case, t h e  r a t i o  is 

.75. We have then  determined t h a t  t h e  p robab i l i t y  of s t a b i l i t y  of 

a second order  system weighted uniformly f o r  zeros is 75%. 

This procedure was repeated with ,a weight for zero of  25% i n  a2, 

2 
2 Figure 8. T f o r  a second order  system, 

weighted for 25% zero e n t r i e s .  
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There is  a d e f i n i t e  s h i f t  t o  t h e  p o s i t i v e  s i d e  of t h e  d i s t r i b u t i o n ,  

i nd ica t ing  a higher  p robab i l i t y  of s t a b i l i t y .  

t h e  p robab i l i t y  of s t a b i l i t y  is about 85%. 

For t h i s  ! d i s t r i b u t i o n ,  

We now draw an approximate 

graph o f  p robab i l i t y  of s t a b i l i t y  versus percent zeros ,  as i n  Figure 9.  

Indeed, t h i s  is crude, wi th  only two points--but it is s u f f i c i e n t  t o  

ind ica t e  t h e  t r end  and t h e  method. Compare t h i s  with Figure 2a. 

5b% 106% 
D 

Figure 9 ,  P robab i l i t y  of  s t a b i l i t y  versus  percent  

zeros f o r  a second order  system. 

For a t h i r d  order  system, we have 

a 2 a 

1 a 

a 2 a 

m = - ( a l t a  + a  ) 1 1 1  

m = 3.(al*al  - a .a 2 2 2  

These d i s t r i b u t i o n s ,  f o r  var ious weights of zeros ,  are given i n  Figure 1 0 .  

The sequence of tests is  

1 0 m 

m m 

0 -  0 m 

1 

i 3 m2 

3 

3 
1 1  T = m  

3 T; = mlm2 - m 

T: = mlm2m3 - m m 3 3  
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3 A11 matrices, of course, pass T3 The distributions of T2 for the 1' 

various weights for zero are given fn Figure 11. 

M2, P ( 0 )  = 5% M2, P ( 0 )  = 25% 

M2, P(09 = 50% M2, P(0) = 7 5 %  M 3 ,  P (09  = 5% 

M 3 ,  P ( 0 )  = 25% M 3 ?  P ( 0 )  = 50% M 3 ,  P ( 0 )  = 75% 

Figure 10. ml, m2, and m for various weights 3 
f o r  zero. 
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P ( 0 )  = 5% P ( 0 )  = 25% 

P ( 0 )  = 50% P ( 0 )  = 75% 

3 Figure 11. T2 for various weights for zero.  
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In  each case, t h e r e  is a percentage t h a t  is r e j e c t e d  a t  t h i s  s t e p ,  

This percentage decreases  as the p r ~ b a b i l i t y  of zero increases ,  

following t a b l e  g ives  t h e  r e s u l t s  of mechanical i n t e g r a t i o n  using a 

planimeter ,  o f  t h e s e  d f s t r i b u t f o n s .  

The 

Weight f o r  Percent r e j e c t e d  

3 zeros  at test T 2  

5% 

25 

50 

75 

20 

13 

7 

6 

Table 4 

The r e s u l t s  i n  Table 4 compare reasonably w e l l  with t h e  r e s u l t s  

obtained from t h e  random sampling approach. The graphs are presented 

here  f o r  comparison. 

40 
P erc en t  
Rejected 3 0 /  

20 to, 
d i s t r i b u t i o n  approach 

10 o'- -~ random sampling -- -- 
25% 50% 75% weight for zero 

3 
2 Figure 1 2 .  Percent r e j e c t e d  a t  tes t  T 

versus  t h e  weighT for zeros.  
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Once a system has been r e j e c t e d ,  f u r t h e r  tests are unnecessary. 

Therefore,  t h e  expression f o r  T3 is modified i n  order  t h a t  we cap 

e l imina te  from it t h e  systems t h a t  were r e j e c t e d  a t  test T2.  

3 
3 

3 T 3 = m m m  - m m  

T = m m  - m  

1 2 3  3 3  

3 
2 1 2  

3 3 so T3 = T2m3 

Now we can 'erase' t h e  negat ive por t ion  of T3 before  forming T3, 

a r r i v i n g  a t  a d i s t r i b u t i o n  which does not  include systems previously 

r e j e c t e d .  Our no ta t ion  f o r  an ' e rased '  d i s t r i b u t i o n  w i l l  be a supe r sc r ip t  

3 but  

3 
2 

E. Figure 13 shows t h e  process c l e a r l y .  

3 3E Figure 13. T 2 ,  and T2 . 
Therefore,  a more meaningful expression for t h e  t h i r d  test is  

3 3E T 3 = T  m 2 3  

and w e  see t h a t  whether our  t h i r d  order  system passes  i ts  f i n a l  check 

depends only on t h e  value of m 

is  because T:E conta ins  no negat ive po r t ion ,  and hence a por t ion  of 

T can be negat ive only i f  a por t ion  of m i s  negat ive.  The d i s t r i b u t i o n s  

T 

which is  t h e  system determinant.  This 3' 

3 
3 3 
3 
3 der ived from t h e  modified expression are given i n  Figure 14. 
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P ( 0 )  = 5% L 

3 
3 Figure 1 4 .  T for various weights €or zero e n t r i e s .  

The negat ive por t ions  represent  t he  r e j e c t e d  systems, and again,  

3 '  t h e  r a t i o  of areas  g ives  t h e  percent r e j ec t ed  a t  check T3 

of mechanical i n t eg ra t ion  a r e  presented i n  t h e  following t a b l e .  

The r e s u l t s  

Weight €or % Rejected a t  

3 Zeros Check Tg  

5% 39 

25  34 

50 22 

75 13  

Table 5 

3 3 
2 For T3, as for  T previously,  t he  tabula ted  r e s u l t s  compare w e l l  

wi th  those  obtained by random sampling. 

1 5 .  

These a r e  presented i n  Figure 

It is  suggested t h a t  t h e  d i f f e rences  between t h e  r e s u l t s  are due 
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30 * 

20 - 

10 - 

t o  excessive approximations i n  forming t h e  d i s t r i b u t i o n s  i n  t h e  present  

approach 

Percent 
Rejected 

b 
"\ 
0 

\ 
'0 ' o', 
\ -distribution approach ' '\ ' '0 ' \  

\ '  \ 

O', 6- 
\ 

'a- random sampling 
r e s u l t  

I 
t 

2 5% '50% 75% 100% p ( o )  
3 
3 Figure 15 .  Percent r e j e c t e d  a t  s t e p  T 

versus  t h e  weight f o r  zeros .  

Combining t h e  r e s u l t s  of Table 4 and Table 5, w e  can a r r i v e  a t  a 

r e l a t i o n  between o v e r a l l  p robab i l i t y  of s t a b i l i t y  and t h e  weighting 

f o r  zero e n t r i e s .  This i s  given i n  Table 6 and Figure 16. Compare 

t h i s  with Figure 2b. 

Weight f o r  % Stab le  

Zeros 

5% 49 

25 

50 

75  

1. 00 ,  

75' 
0' 

0' 
// 

/ 

/' 0' 
/ 

-0' 

75  1 0  
Figure *25L5ni--% 16. Percent s t a b l e  versus  P(0) 

58 

73  

82  

Table 6 .  

weight f o r  zeros .  

We have thuq exhausted, except f o r  d e t a i l ,  t h e  second order  and 

t h i r d  order cases. Computer t i m e  i n  forming the sum and produr,? of 
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d i s t r i b u t i o n s  is not  excessive,  bu t  t h e  number of operat ions necessary 

t o  check each system increases  roughly as t h e  f a c t o r i a l  of t h e  system 

s i z e ,  and hence t h i s  approach becomes unduly t i m e  consuming f o r  l a r g e r  

systems. 

The d i s t r i b u t i o n  approach amounts t o  simultaneous checking of 

every poss ib l e  system i n  t h e  chosen class. 

then have an advantage s i n c e  they r equ i r e  checking only a very f e w  o f  

t h e  t o t a l  number of systems, 

Random sampling techniques 

A last  note  is i n  order  before  t h e  d i s t r i b u t i o n  approach is 

f in i shed .  For  an a r b i t r a r y  s i z e  system, a Hurwitz c r i t e r i o n  matr ix  of  

t h e  following form is generated: 

- 
1 

3 

m 

m 

0 

0 

1 0 0 0 0  . , . . .  0 

m m l O O . . . . . O  2 1  

m 0 O O O O O O m m n l  n -  n-2 

0 o o . . . . o o  m n 
* 

n The next t o  las t  test Tn 

bu t  no t  including t h e  f i n a l  row or column. 

is t h e  determinant of t h e  submatrix up t o  - 
The last  check is then  

n - nE 
Tn - Tn- l  mn 

and is c l e a r l y  dependent only on mn, which i s  t h e  system determinant 

mul t ip l i ed  by (-1ln. No doubt a g r e a t  d e a l  of  time could be saved by 
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checking mn first, which is much s impler  than  going through t h e  e n t i r e  

Hurwitz check. If m -  is negat ive,  t h e  system is unstable .  n 
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V I I .  DIRECTION FOR FUTURE WORK 

This s tudy has revealed t h a t  f o r  a l i m i t e d  class of  l i n e a r  systems, 

degenerateness is c r i t i c a l .  For l a r g e r  systems, it is  very c r i t i ca l ,  

so t h a t  t h e  graph of  p robab i l i t y  of s t a b i l i t y  versus  degenerateness 

becomes near ly  a s t e p  func t ion .  

This r e s u l t  is  important and appl icable .  But t h e r e  i s  a need 

f o r  continued inves t iga t ion  o f  t h i s  type  with some d i f f e r e n t ,  s p e c i f i c  

system types.  

systems composed of a number of  smal le r ,  i nd iv idua l ly  s t a b l e  subsystems. 

In  fact ,  it would be i n t e r e s t i n g  t o  see i f  most of t h e  l a r g e r  

Probably of most importance would be a s tudy  of l a r g e  

systems s tudied  i n  t h i s  paper might not  be decomposable i n t o  smaller 

s t a b l e  subsystems. No such a c t i v i t y  was attempted here .  

A second area of  study might be of systems composed of 

i n t r i n s i c a l l y  uns tab le  elements, or with elements s e l ec t ed  from 

e s s e n t i a l l y  d i f f e r e n t  d i s t r i b u t i o n s .  

The author  hopes t h e  present  work w i l l  be of a s s i s t ance  i n  these  

f u t u r e  p ro jec t s .  
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APPENDIX A 

PROGRAMMING FOR THE ,RANDOM SAMPLING APPROACH, 

The flow c h a r t s  for  t h e  random sampling program are presented 

subsequent t o  t h i s  b r i e f  in t roduct ion .  

explanatory,  l i t t l e  else w i l l  be s a i d .  

A s  they are near ly  self- 

Someone casua l ly  inspec t ing  t h e  program might be upset  t o  note  

t h a t  b r u t e  fo rce ,  i n s t ead  o f  some c l eve r  method, is  used t o  eva lua te  

determinants.  The reason f o r  t h i s  i s  mul t i fo ld :  first, many ' c l eve r '  

methods break down or lose accuracy when dea l ing  with s i n g u l a r  matrices, 

or with matrices whose e n t r i e s  d i f f e r  widely i n  magnitude; f u r t h e r ,  a l l  

ava i l ab le  methods destroyed t h e  matr ix  being evaluated--an unforgivable 

t r a i t  i n  t h i s  ins tance ;  and l a s t l y ,  perhaps as a consola t ion ,  ' b ru t e  

f o r c e '  al lows one t o  t ake  advantage of  t h e  l a r g e  number of  zero 

e n t r i e s  t h a t  are a n t i c i p a t e d ,  

I t  is s u f f i c i e n t  here  t o  note  t h a t  t h e  program is given t h e  t w o  

en t ry  d i s t r i b u t i o n s ,  t h e  s i z e  of t h e  mat r ices  t o  be generated,  and t h e  

number t o  be checked. 

of  zero e n t r i e s  i n  each, notes  a t  which s t e p  of t h e  c r i t e r i o n  it is 

r e j e c t e d ,  or i f  s t a b l e ,  s t o r e s  t h e  mat r ix  on t ape  f o r  la ter  p r in tou t .  

It then  genera tes  t h e  mat r ices ,  counts t h e  number 

The output c o n s i s t s  o f ,  first, a l i s t  of  t h e  number of systems 

r e j e c t e d  a t  each s t e p  of  t h e  Hurwitz c r i t e p i o n ;  second, a l i s t  o f  number 

of matrices with each number of  zeros  which were found t o  be s t a b l e  and 

uns tab le ;  and f i n a l l y ,  a p r i n t o u t  of a l l  t h e  s t a b l e  matrices. 

A program l i s t i n g  follows t h e  flow c h a r t s .  Please note  t h a t  RIT7 

should be in t e rp re t ed  as REAR; WOT6 should be i n t e r p r e t e d  as PRINT. 
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The two dec is ion  s t e p s  numbered i n  parentheses on t h e  previous page 

are of a s p e c i a l  na ture :  

(1) If t h i s  t es t  i s  

negat ive:  JJ(M0RD) CMSlX, continue t o  generate  vectors .  

zero:  JJ(M0RD) = MSlX. Ind ica t e s  t h a t  p resent  ( a s  y e t  

untaken) vec tor  i s  las t  with given first components. 

Se t  up t o  change a previous component. 

p lus :  only when vec tor  j u s t  generated is l , 2  ... MSlX. 
Se t  up t o  s k i p  f u r t h e r  eva lua t ion  of  M y  and f o r  

re looping on check - and go g e t  f i n a l  matr ix .  

(2 )  If t h i s  t e s t  i s  

negat ive - not  y e t  t o  f ina lvec to r  of s ize  MORD, continue. 

zero - present  vec tor  is las t  i n  s e r i e s  of s i z e  MORD. S e t  

up for evalua t ion ,  loading. P lus  i s  not  used. 

Meaning of se l ec t ed  program va r i ab le  names: 

I A R  

I11 

ITP 

JJJ 

K 

KL . 

KRE J 

- number o f  matrices of cu r ren t  s i z e  t h a t  w i l l  f i t  ac ross  a 

page of output .  

- pos i t i on  index i n  Hurwitz check por t ion .  

- gives  number of  mat r ices  o f  each s i z e  t h a t  has been s to red  

on t ape .  

- s p e c i a l  counter i n  Hurwitz check por t ion .  

- modified ITP ,  f o r  output purposes. 

- poss ib l e  number of zeros  i n  matrix. 

- t a b l e  of  numbers of  matrices r e j e c t e d  a t  each s t e p  of t h e  

Hurwitz check. 
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KRS 

LEFT 

L I M ,  

MCTR 

MORD 

MSlX 

MSVO 

MVW 

ND 

NML I S T  

NN 

S 

SAT 

SEVAL 

SMAT 

STMP 

- carries t h e  tes t  number i n  t h e  Hurwitz check po r t ion ,  g i v e s .  

s t e p  a t  which matr ix  is r e j e c t e d .  

matr ix  is s t a b l e .  

KRS is sat t o  zero  if 

- number of m a t r i c e s , t o  be p r in t ed  i n  l a s t  row of output .  

- number of m a t r i c e s , o f  each s i z e  t o  check. 

- matrix counter ,  g ives  number of  matrices of  cu r ren t  s i z e  

which have been checked. 

- cur ren t  s i z e  o f  submatrices being generated.  

- curren t  s i z e  of t h e  matrices under tes t .  

- t a b l e  o f  numbers of s t a b l e  matr ices  versus  number of zeros  i n  

- 

t h e  matrices. 

- t a b l e  of numbers of  uns tab le  matrices versus  number o f l z e r o s  

i n  t h e  matmices. 

- l a r g e s t  size matr ix  t o  check. 

- l i s t  of  numbers, 0-100, f o r  output purposes. 

- number o f  zeros  i n  matr ix  cu r ren t ly  undeS tes t .  

- Hurwftz matr ix  of c h a r a c t e r i s t i c  equation c o e f f i c i e n t s .  

- t h e  matr ix  being t e s t e d  f o r  s t a b i l i t y .  

- t h e  r e s u l t  of subrout ine EVAL i n  gene ra l ,  a l s o  used for 

summing SVAL. 

- over lay .mat r fces ,  used only t o  f a c i l i t a t e  t h e  o rde r ly  

dumping of t h e  matrices which have been s tored  on tape .  

- a temporary matr ix  which holds each submatrix for evaluat ion.  

SVAL - a list which holds t h e  values  of submatrices f o r  la ter  

summation. 
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c----- SUBROUTIYE FOR HUQWITZ CHECK 
W R D = I  
ASSIGN 1 5 0  T O  FJIMM 
ASSIGN 217 T O  NNNN 
A S S I G Q  2’37 T 9  KKKK 

J=o 
7 5 1  ASSIGN F, T n  N 
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nn 1 T = l 9 ' 4 T ) O D  

1 J J ( I ) = J  
I? T = r ,  

7 00 2 2  K=l ,MnQD 
09 2 7  L=l,MnRD 
K K = J J  ( K 1 
LL=JJ ( L 
S T M P (  K 9L) = S A T (  K K 9 I . L )  
J= J+1 
C 4 L L  F V A L  ($TIcnP9SFV41_9MORD9ITUK9SSUM) 

GO TO N,(596) 

37 

S V A L ( J ) = S F V A L  

JJILL)=JJ(LL)+I 
6 L L = M O R D - I  

nQ 3 7  I I = l r T  
K Y = L I  + T I  

17 J J ( Y K ) = J J ( L ~  ) + I T  
I F (  J J ( L  I - ) - U S I Z + I )  13 ,7355  

I F ( I - u n D D )  7,494 

G9 Ti, 7 
5 5  A S S I G N  2 1 4  T O  NNNN 

A S S I G N  31% TO KKKK 

3 I = I + 1  

4 A S S I G N  5 TO N 

5 S F V A L  = O  o n  
no 1 5  Y=I ,J 

35 SFVAL=SFVAL+SVAL(  K 1 
S ( MOP D 9 M r l p  D 1 = S E V AI ?> ( - 1 U ) **MOR D 
GO TO M U P , ( 1 5 0 9 1 5 2 )  

T F ( S ( 1  9 1 ) )  1 4 5 9 1 5 7 9 1 5 3  

GO T n  7 4  

150  A S S I G N  1 5 7  TO FIYM 

1 4 5  YRS=7 

1 5 %  J J J = ~  
C----- LOAD M I v T n  " A T Q I X  \&\HERE NEEDED 
C K R S  AND I 1 1  APE START P O S I T I O N S  OF \.!RITE I N  M o  THE STATEMENTS A F T t R  
C 7 1 3  ROUTE CONTROL SO THAT AFTER A L L  P E R T I N A N T  M A R E  C A L C U L A T L U ,  THE 
C M M A T R I X  I S  CHECKED TO C O M P L E T I O N  WITHOLJT FURTHER C A L C U L A T I O N S  

157 K R S = I S T S L ( b J O R D )  
1 I I = Js T R L  ( WRT,  
K Y =  ( v s  1 Z+h4T)O@ ) / 2 

S ( I I , T I I ) = S ( ~ O R D , M O R D )  
16? DO 15s TI=YK'S,KY 

1 5 8  T I I = I T I + 2  
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APPENDIX B 

FORMING SUMS AND PRODUCTS OF DISTRIBUTIONS 

While a n a l y t i c  techniques e x i s t  f o r  f ind ing  sums and products of 

d i s t r i b u t i o n s ,  t h e s e  are app l i cab le  t o  continuous d i s t r i b u t i o n s  and 

quickly become extremely complicated t o  employ. Frequently,  they are 

not  appl icable  i f  e i t h e r  d i s t r i b u t i o n  includes t h e  poin t  zero.  

The author  devised a simple means of f ind ing  t h e  sum and product 

of two d i s c r e t e  d i s t r i b u t i o n s ,  based on elementary counting. An 

example w i l l  demonstrate t h e  technique. 

Consider two very simple d i s t r i b u t i o n s  as follows: 

1 a 

0 with p robab i l i t y  60% 

1 with p robab i l i t y  40% 

2 a 

1 with p robab i l i t y  30% 

2 with p robab i l i t y  Y O %  

We d e s i r e  t o  f i n d  t h e  sum d i s t r i b u t i o n .  

forming t h e  following t a b l e :  

The method is equivalent  t o  
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The r e s u l t a n t  d i s t r i b u t i o n  is determined by counting t h e  frequency 

of  e n t r i e s  i n  t h e  t a b l e ,  

s ay ,  0 t o  1 more than  once, but  t h e  idea is  t h e  same. 

The program, o f  course,  does not bother  adding, 

The program adds every p a i r  once, and notes  t h e  product o f b t h e i r  

weights. In  t h e  cu r ren t  example w e  have 

0 i- 1 = 1 ( .60)( .30)  = .18 

0 i- 2 = 2 ( .60) ( .70)  = .42 

1 + 1 = 2 ( .40)( .30)  = .12 

1 i- 2 = 3 ( .40)( .70)  = .28 

The program then  adds t h e  p r o b a b i l i t i e s  f o r  each value of t h e  

sum, so t h a t  al + a = 
2 

1 with p robab i l i t y  ,18 

2 with p robab i l i t y  .54 

3 with p robab i l i t y  .28 

The same procedure is followed t o  ob ta in  product d i s t r i b u t i o n s .  

This programming e f f o r t  was subdivided i n t o  subrout ines ,  each 

c a l l e d  on command by an input  da ta  card .  Thus t h e  programmer has 

complete ex te rna l  c o n t r o l  over t h e  sequence of  opera t ions .  The 

programming was not  d i f f i c u l t  and w i l l  not be presented here .  The 

only s p e c i a l  f e a t u r e  w a s  t h a t  d i s t r i b u t i o n s  were output as graphs 

by the.computer ,  thus  saving hours of ted ious  l abor .  
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APPENDIX C 

Number 
zeros 

Number 
zeros 

SYNOPSIS OF OUTDATA 

Matrix S ize  2 x 2 

Degenerateness, % Number Number 
Tested S tab le  

0 

50 

100 

192 144 

Matrix S ize  3 x 3 

Degenerateness, % Number 
Tested 

0 

1 7  

33 

50 

67 

83 

100 

152 

103 

8 1  

47 

48 

49 

20 

Number 
S tab le  

84 

69 

59 

38 

42 

49 

49 

Percent 
S t ab le  

75 

100 

100 

Percent 
S t ab le  

55 

65 

73 

8 1  

87 

100  

100 



46 

Numbel: 
zeros  

8 

9 

1 0  

11 

1 2  

Matrix S ize  4 x 4 

Degenerateness, % Number 
Tested 

0 

8 

1 6  

25 

33 

42 

50 

58 

66 

75 

83 

92 

100  

49 

60 

36 

28 

27 

36 

26 

30 

3 1  

33 

30 

8 

6 

Number 
S tab le  

1 6  

26 

1 4  

1 4  

1 4  

1 7  

1 7  

22 

25 

32 

29 

8 

6 

Percent 
S t ab le  

33 

43 

39 

50 

52 

47 

65 

73 

8 1  

97 

97 

100 

100 
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Matrix Size 5 x 5 

Number 
zeros  

5 

6 

7 

8 

9 

1 0  

11 

1 2  

1 3  

14 

1 5  

1 6  

1 7  

1 8  

19  

20 

Degenerateness, % Number 
Tested 

0 

5 

1 0  

1 5  

20 

25 

30 

35 

40 

45  

50 

5 5' 

60 

65 

70 

75 

36 

47 

20 

20 

1 9  

26 

2 1  

1 7  

1 6  

1 8  

20 

20 

1 3  

1 9  

22 

25 

80 20 

85 14 

90 6 

95 0 

100 1 

Number 
S tab le  

9 

1 7  

3 

3 

3 

9 

6 

4 

4 

5 

1 3  

8 

7 

1 2  

1 5  

23 

1 9  

1 2  

6 

1 

Percent 
S t ab le  

25 

28 

1 5  

1 5  

1 6  

35 

28 

24 

25 

28 

65 

40 

54 

63 

68 

92 

95 

86 

100 

100 
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Matrix Size 6 x 6 

Number 
zeros  

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 0  

11 

1 2  

1 3  

1 4  

15  

1 6  

1 7  

1 8  

1 9  

20 

2 1  

22 

,23 

24 

25 

26 

27 

28 

29 

30 

Degenerateness, % Number 
Tested 

0 

3 

7 

1 0  

1 3  

1 7  

20 

23 

27 

30 

33 

37 

40 

43 

47 

50 

53 

57 

60 

63 

67 

70 

73 

77 

80 

83 

87 

90 

93 

97 

100 

54 

74 

50 

1 9  

1 2  

1 7  

1 9  

1 8  

11 

1 2  

1 2  

1 7  

1 0  

1 2  

1 4  

1 4  

1 8  

8 

5 

5 

9 

1 6  

1 5  

1 5  

22 

8 

5 

8 

2 

0 

0 

Number 
S tab le  

3 

8 

8 

1 

0 

2 

3 

6 

3 

1 

3 

6 

1 

4 

4 

3 

4 

5 

2 

2 

5 

11 
1 2  

7 

1 7  

7 

0 

0 

0 

Percent 
S t ab le  

6 

11 

1 6  

5 

0 

12 

1 5  

33 

27 

8 

25 

35 

10 

33 

28 

2 1  

22 

63 

40 

40 

56 

69 

80 

47 

77 

88 

100  

100 

100 

100 

100 

-. 
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Number 
zeros 

22 

23 

24 

25 

26 

27 

28 

29 

30 

3 1  

32 

33 

34 

35 

36 

37 

38 

Matrix.Size 7 x 7 

Degenerateness, % Number 
Tested 

52 

55 

57 

60 

62 

64 

66 

69 

7 1  

74 

76 

79 

8 1  

83 

86 

88 

90 

4 

8 

1 2  

10 

1 3  

1 0  

11 

8 

9 

Number 
Stable 

4 

1 

2 

Percent 
Stable 

0 

0 

0 

25 

50 

1 2  

33 

40 

69 

80  

73 

87 

88 

100 

100 

100  
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Matrix Size 8 x 8 

Number 
zeros 

32 

33 

34 

35 

36 

37 

38 

39 

40 

4 1  

42 

43 

44 

45 

46 

47 

48 

49 

50 

5 1  

Degenerateness, % Number 
Tested 

57 

59 

6 1  

63 

64 

66 

68 

70 

7 1  

73 

75 

77 

70 

80 

82  

84 

86 

88 

89 

9 1  

1 

1 

1 

5 

1 

1 2  

9 

7 

7 

1 9  

9 

7 

5 

3 

4 

5 

1 

0 

2 

1 

Number 
S tab le  

0 

0 

0 

1 

0 

4 

3 

2 

3 

6 

6 

4 

Percent 
S tab le  

0 

0 

0 

20 

100 

33 

33 

29 

43 

32 

66 

57 

60 

66 

75 

40 

100 

100 

100 
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Number 
zeros  

74  

75 

77 

78 

79 

8 1  

82 

Matrix S ize  1 0  x 1 0  

Degenerateness, % Number 
Tested 

82 

83 

86 

87 

88 

90 

9 1  

Number 
S tab le  

Percent 
S t ab le  

0 

0 

0 

50 

100 

100 

100 
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